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- INTRODUCTION -
O ptometry has many facets and the optometrist must utilize 
a wide range of skills to aid his patients; but, just as facility 
with mathematics is the basic skill necessary to a physicist, 
facility with geometric optics is the basic skill of the optome­
trist. A thorough working knowledge of geometric optics is 
absolutely essential to any optometrist who wishes to do any­
thing more challenging than standard refractions. 
Unfortunately, most geometric optics courses presented at 
optometry schools are taught with the classical Gaussian optics 
formulas. The student tends to become overwhelmed by the multi­
tude of formulas (there seems to be a separate formula for every 
problem that arises) and he often loses sight of the underlying 
principles. 
It is the purpose of this paper to present a method for 
working problems in geometric optics which emphasizes concepts 
rather than formulas. This method is commonly called the vergence 
method for geometric optics. The vergence method is often used 
by optometrists, but in my research I have been unable to find a 
single source which outlines the optometric applications of 
vergence in any detail (many texts make references to vergence 
methodsj but they ultimately return to the Gaussian formulas) . 
This paper is an attempt to provide a basic outline of the 
vergence approach, and to treat in detail the calculation of 
relative spectacle magnification using vergence. 
The body of the paper will be roughly divided into two 
sections. The first portion will be an outline of vergence 
m ethods for geometric optics. The second section will present 
two vergence formulas for solving spectacle magnification 
problems. My research indicates that these formulas have not 
been presented in this form previously. I believe that students 
of optometry will find them helpful in predicting the binocular 
problems created by anisometropic and antimetropic lens 
prescriptions. 
L 
OUTLINE OF THE VERGENCE METHOD FOR GEOMETRIC OPTICS 
SIGN C ONVENTION: 
1. Diverging light has negative vergence. 
2. Converging light has positive vergence. 
3. Converging lenses and mirrors are positive, and diverging 
lenses and mirrors are negative . 
4. A refracting surface is a converging (positive ) surface if 
it is convex when looking from the rarer to the denser index of 
refraction; it is a diverging surface (negative ) if it is concave 
when looking from the les ser to the greater index of refraction. 
5. A convex mirror causes light to diverge and is negative; 
a concave mirror causes light to converge and is positive. 
In general, diverging light and optical devices that cause 
light to diverge are negative; converging light and optical 
devices that cause light to converge are positive . 
� (dense rm) dense 
(+)  (- )  
REFRACTING SURFACES 
SYMBOLS AND BAS IC FORNIULAS: 
) silvered 
side 
(+ ) 
( silvered 
� 
(­
REFLECTING SURFACES 
1. V0 ; object vergence or vergence of the light incident on 
the optical surface. 
2. Vi 1 image vergence or the vergence of light leaving the 
optical surface or device. 
J. V= n , where: 
d 
V= vergence of light in diopters. 
n= the index of refraction through which the light is traveling. 
d= the distance in meters from the focus of the light source, or 
from the light source itself to the vergence reference plane. 
4. V.= V + P , where: ]. 0 
P= the power of the optical element in diopters. 
5. For a single refracting surface, P=..!.IL , wheres 
r 
An= the diference between the index of refraction of the refrac­
ting s urface and that of the surrounding medium. 
r= the radius of curvature of the surface in meters . 
l 
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6. For thin lenses, P= n/f , where: 
f= the focal length of the lens. 
n= the index of the surrounding medium. 
The power of a thin lens may also be expressed as P= P1+ P2 , 
where: 
P1 and P2 are the powers of the front and back surfaces of the 
lens respectively. 
7. For mirrors, P= 2n/r = n/f, where: 
n= the index of refraction for the surrounding medium. 
r= the radius of curvature in meters of the mirror. 
f= the focal length of the mirror in meters. 
NOTEz For a mirror the angle of incidence of light is always 
equal to the angle of reflection, so that the focal length of a 
mirror and its power are actually unchanged by changes in the 
index of refraction of the surrounding medium. The above mirror 
power formulas are employed to simplify dealing with lens-mirror 
catadioptric systems using vergence methods, where V=n/d, without 
changing the definition of vergence. Based on the properties of 
mirrors it would be more correct to say that the power of a 
mirror is always 2/r or 1/f, regardless of the index of the 
surrounding medium. 
8. Transverse linear magnification = V 
0 v-:-
l. 
= object vergence 
image vergence 
In the Gaussian system transverse linear magnification is image 
distance divided by object distance (i/o), or image size divided 
by object size (I/O). 
9. The total magnification of an optical device is the 
product of the individual magnifications produced by its 
component elements. 
BASIC CONCEPTS: 
As light diverges from a light source its negative vergence 
decreases in dioptric magnitude as the distance between the source 
and the wavefront increases. 
As light converges toward a focal point its positive 
vergence increases in dioptric value as the distance between the 
wavefront and the focal point decreases. 
..... 
L 
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In general, the flatter the curvature of the wavefront, the 
smaller the dioptric value of the vergence will be (this is true 
for both positive and negative vergence). Convers ely, the more 
curved the wavefront becomes, the larger the dioptric value of 
the wavefront becomes. The degree of curvature of a wavefront is 
determined by the length of its radius (the distance from a 
wavefront to its focus, or the distance from a light source to 
the wavefront) . Vergence may be thought of as the curvature of 
the wavefront expres sed in diopters and calculated by dividing 
the index of refraction of the medium through which the light is 
passing by the radius of curvature of the wavefront (this is a 
useful concept for visualizing vergence relationships, but 
mathematically the diopter is not a curvature measurement) . The 
vergence is greates t  when the curvature of the wavefront is 
greates t, and this occurs when the radius of the wavefront is 
s hortest. The vergence magnitude is inversely proportional to 
the length of the radius of the wavefront. 
(3) ( 4) 
P=+l/JD 
(2) ( 5 ) 
r_J...-----
---
(6) r1 
point -.,;;:..:;i���4-������......-f ����� ��-;-��--=r-:-.....­s ource �� - - --
focus 
t 
In 
and the 
and the 
diagram 
,
r2 
J. 
2m m 6m 2m 1/2m O 
the above diagram the distance between the point s ource 
+1/JD lens is 6 meters, and the distance between the lens 
focus also represents 6 meters. The s cale below the 
indicates the relative distances of the wavefronts .  In 
the diagram, wavefront (1) is tm (50cm) from the point s ourcet 
i.e. the radius of wavefront (1) is tm. The vergence of wavefront (1) 
L 
L 
L 
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may be calculated as follows: 
V= n/d; n= 1. 00 (for air) , d= 1/2m; therefore, V= 1.00 = -2. 00D 
0.5 
The vergence is negative because light diverges from a real 
source, and divergent light has negative vergence. In the same 
manner the vergence of wavefronts (2) and (J) may be calculated, 
and are found to be -1/2D and -1/6D respectively. When a wave­
front impinges on a refracting surface, such as the thin lens in 
the above diagram, the effect of the lens may be calculated as 
follows: 
V .=V +P l 0 V =-1/6D ; V.=-1/6D+1/3D=+1/6D 0 l 
P=+1/JD 
Because the positive dioptric power of the lens exceeds the nega­
tive d ioptric vergence of the impinging wavefront, the wavefront 
leaving the lens is positive and the light leaving the lens is 
converging toward a point focus. Using the vergence formula and 
the exit vergence of +1/6D, the distance from the lens to the 
focal point of the light may be calculated as followss 
+1/6D= n/d 1 n=l.001 therefore, d= 1. 00 = 6m 
1/6 
The vergence of the converging wavefronts is now calculated rela­
tive to the focal point pos ition, and it is found that the 
vergence at wavefront (5) (4m from the lens and 2m from the 
focal point of the light) is +2D. Notice that the dioptric 
vergence of the wavefronts increases as the converging fronts 
approach the focus. 
The information contained in this diagram is basic to the 
understanding of vergence methods and should be understood 
thoroughly before preceding. 
RULES FOR US ING VERGENCE METHODS& 
1. V0 from a real object (light source) is always negative 
because it is always d ivergent. 
2. A virtual object has positive V0 and can only be 
created by a mirror, lens. or optical system which causes light 
to converge toward the optical device being considered in the 
problem. 
-5-
J. If Vi is positive the image is "real" (can be projected 
onto a screen) and is created by converging light. 
4. If v. is negative the image is "virtual" (cannot be l 
projected onto a screen, but can be seen by looking into the 
optical device) and is created by diverging light. 
5. If V and v. are opposite in sign (one positive and one 0 l 
negative) the image will be inverted and the magnification will 
have a negative sign. If V0 and Vi have the same sign (both 
positive or both negative) the image will be upright and the 
magnification will be positive. 
6. If the numerical value of the magnification is less than 
+ 1 the image is minified (that is if the magnification is a 
fraction smaller in absolute value than + 1), and if the absolute 
value of the magnification is greater than ± 1 the image is 
enlarged. If the magnification is negative in sign the image is 
inverted, and if it is positive in sign the image is upright. 
DIAGRAMATIC CONVENTIONS : 
The following methods have been found useful in diagraming 
problems and will be us:ed for the example problems in this papera 
1. Symbolic shorthands 
positive lens 
1 
positive mirror 
reflecting 1 
surface ..__-... 
negative lens 
I 
negative mirror 
reflecting I 
surface..__.,,,-,. f 
2. Light will be assumed to be coming from the left of a 
diagram, unless otherwise stated. Generally, light will exit from 
the right of a lens (as it passes through) and from the left of a 
mirror (as it is reflected back). 
For a lens V0 will be on the upper left (corresponding to 
light incident on the lens) , P (the power of the lens) will be 
located directly above the symbol for the lens, and V. will be 1 
'--6-
located to the upper right of the lens symbol (to indicate that 
light has passed through the lens). 
For a mirror, V is located to the upper left of the mirror 0 
symbol, the power (P) is located directly above the symbol, and 
V. is located to the lower left of the symbol to indicate that l 
the light has been reflected. 
lens convention& mirror convention& 
p p 
Vo t v. v l 0 
1 
v. 1 
3. If V is negative the object will be on the same side of 0 
the optical device as the "V0" symbol (the side from which light 
is entering the device). If V0 is positive (a virtual object), the 
object will be located on the side. of the optical device opposite 
the "V " symbol. 0 
The opposite situation exists for images. If Vi is negative 
the image will be located on the side of the optical device 
opposite the "Vi" symbol. If Vi is positive (a real image) the 
image will be located on the same side of the optical device as 
the "V." symbol. 1 
VERGENC E APPLIED TO THICK LENSES& 
In the vergence system thick lenses are treated as two thin 
lenses separated by glass. The following diagram is fundamental 
to understanding the vergence treatment of thick lenses and should 
be referred to when reading the accompanying outline. 
axis F V. 
H1 
I 
l 
I 
I 
I 
I 
I 
n 2 
H2 
I 
I 
I 
I 
I 
N I v F 
n.., ;; 
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Symbols used in the preceding diagram : 
F1= anterior principal focal point of the lens. 
F2= posterior principal focal point of the lens. 
n1and n3 are the refractive indeces for the media surrounding 
the lens in the corresponding regions. 
n2 is the index of refraction for the lens glass. 
v1= the front vertex of the lens, or the point at which the 
optic axis intersects the front surface of the lens. 
v2= the back vertex of the lens, or the point at which the 
optic axis intersects the back surface of the lens. 
V = The object vergence of light incident on the front 01 surface of the lens. 
V. = V + P1 11 °1 
V = the vergence of the wavefront incident on the back 02 surface of the lens after passing through the glass of the lens. 
v. = v + p2 12 02 
P1= n2- n1, where r1= the radius of curvature of the front r1 surface. 
P2= n2- n3, where r2= the radius of curvature of the back r2 surface. 
N1= the anterior nodal point. 
N2= the posterior nodal point. 
p1 and p2 are the anterior and posterior principal points 
respectively1 and are the points where the anterior and posterior 
principal planes (H1 and H2) cross the optic axis. 
The following list of formulas and definitions will show how 
vergence is applied to thick lenses, but to achieve a clear 
understanding it will be necessary to follow through the thick 
lens problem included in the example problem section. 
Thick lens formulas and definitionsi 
Pbv= back vertex power; Pbv= Vi when the light incident on 2 
the front surface of the lens is parallel (V0 = O). When the lens 
1 
is surrounded by air (n1 and n3 = 1.00) , then Pbv is the reciprocal 
of the distance from v2 to F2• Pbv = 
1/fbv" 
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Pfv= front vertex power; Pfv= vi2 
at the front surface when 
parallel light is incident on the back surface (the light is 
moving from right to left in this instance - opposite the normal 
convention). Pfv= 1.00 in air _ = 1.00 distance from v1 to F1 in meters ffv 
P eq= equivalent power = P 1(: :: ) 
P = n ( for the medium surroundinA..,.the lensl , where feq is the eq . - . . . f 
� -
eq 
equivalent focal length, or the distance from H1 to F1 or the 
distance from H2 to F2. Note that the equivalent focal length is 
the distance between the principal plane and the corresponding 
focal point, while the vertex focal length (f fv and fbv) is the 
distance from the lens surface vertex to its corresponding focal 
point (ffv= v1F1 , and fbv= v2F2 ) .  Peq always has the same value 
for both sides of the lens, while Pbv will not be equal to Pfv 
unless the lens is equiconvex or equiconcave. f will also be eq 
the same for both sides of the lens as long as n1= n3. If n11 n3, 
then f will be longest on the side that has the highest index eq 
of refraction (note, however, that P is still the same for both eq 
sides of the lens, because in the power formula the change in f eq 
is compensated by a change in An). Also, if n11 n3 then the nodal 
points will be shifted away from the principal planes toward the 
side with the higher index of refraction. They will be shifted by 
a distance equal to the difference in the lengths of the front 
f and the baek f . eq eq 
Pi and p2 are always located where the optic axis crosses 
H1 and H2 respectively. N:1 and N2 will be located at p1 and p2 
only when n1= n3• 
EXAMPLE VERGENCE PROBLEMS: 
(1) An object is located 50cm from a +J.OOD lens, describe 
the image formed by the lens. 
L 
L 
L 
L 
object 
P= +J. OOD 
..\ 
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V =-2.00D V.=+1.00D 0 l 1 meter 
---------------------' 
50cm 
lens 
image 
Discussion: the lens is located 50cm to the right the object; 
this means that light wavefronts leaving the object and impinging 
on the front surface of the lens have a radius of curvature of 
50cm. V0 can be calculated from this radius as followss 
V = 1.00 = -2 . 00D 0 o.5om 
The vergence of V0 is negative because light always diverges from 
a real object. Vi may be calculated as follows: 
V.= V + P = -2.00 + (+J.00)= +1.00 D 1 0 
This means that the curvature of the wavefronts leaving the lens 
is +1.00D, and that the light will come to a focus 1 meter away 
(in air). 
image distance= n 
v. 1 
, where n= the index of refraction of 
the medium through which the light is traveling. 
We now know that the image is nreal" because Vi is positive 
(convergent light). The image is inverted because V0 and Vi are 
opposite in sign� The image is located on the same side of the 
lens as the exiting light because Vi is positive. The magnification 
is: 
magnification = V / V.= -2.00/+1.oo = -2X 0 1 
The image is twice as large as the object. 
(2) A real object is located 50cm from a -J.OOD lens , 
describe the image. 
ob ·ect 
image 
0.5m-50cm 
P=-J.OOD 
v =-2.00 0 I o.2m 
V.=-5.00D 
l 
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Discussion: object (entrance) vergence is again -2.00D (V0=-2.00D 
as in the1 previous example). 
V.= V + P = -2.00 + ( - J . OOD ) = -5.00D 1 0 
image distance = n/vi = 1.00/5.00 = o.2om or 20cm. 
Because V. is negative, the image will be virtual and will be l. 
formed on the opposite side of the lens from the exiting light 
(opposite Vi). The image is upright because V0 and Vi have the 
same sign. 
magnification = V0/vi = -2.00/-5.00 = o.4X 
The image is 2/5 (0.4) times the size of the object and is reduced 
in size relative to the object. 
(3) A real object is located 50cm from a +4.00D mirror. 
Describe the image. 
ob·ect 
P= +4.00D 
V =-2.00D 0 
-: ............... �---�--------�---:-----� �-------------
: 50cm v 
image V. = +2. OOD 1 
Discussions as in the previous problem V = -2.00D. V.= V + P, 0 1 0 
therefore, V.= -2.00 +4.00 = +2.00D. Note that V. is diagramed l. 1 
at the bottom of the mirror and on the same side of the mirror 
as V0, this is to indicate that the light has been reflected. 
Using the basic vergence formula it may be determined that the 
image will be formed 50cm from the mirror. It will be formed on 
the same side of the mirror as the exiting light because V. is 
1 
positive, and it will be inverted because v and v. are opposite 0 l. 
in sign. Magnification is 1.0X» so the object and the image are 
the same size, 
(4} A real object is located 50cm from a negative mirror 
(convex) of -4.00D. Describe the image. 
L 
L 
object 
50cm 
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P=-4.00D 
V =-2.00D 0 
V.=-6.00D : 1 . 
16':67cm 
image 
+ • 
4 
Discussion: Again V = -2.00D. V.= -2.00 + (-4.00) = -6.00D. V. is 
0 1 1 
again on the same side of the mirror as V0 to show that the light 
has been reflected. V.=-6.00D, therefore the image distance is 1 
1.00/6.00 = 0.1667m, or 16.67cm. Because Vi is negative (divergent 
light), the image is virtual and is located on the side of the 
mirror opposite the exiting light (opposite V.). V and V. have l 0 l 
the same sign so the image is upright. Magnification = V0/ Vi ; 
mag = 2.00/6.00 = o.33x. The image is 1/3 the size of the object. 
(5) A real object is located 50cm to the left of a -2.00D 
lens. A +10.00D mirror is located 25cm to the right of the lens. 
Describe the image. 
P=-2.00D 
ob'ect 
V =-2.00D V.=-4.00D 0 l 
image 
10cm 
P=+10.00D 
V =-2.00D 0 
V.=-10.00D I v =-8.00D l 0 V.=+8.00D l • 
�--- ----------�5AO�cm:---------------
��------------ ----------� - 25cm 
Discussions In the above diagram light coming from the object has 
its corresponding vergence values displayed at the top of the 
diagram, and light reflected back from the mirror has its vergence 
values displayed at the bottom of the diagram.For values at the 
top of the diagram calculations proceed from left to right (in the 
direction the light is traveling); at the bottom of the diagram 
calculations proceed from right to left (the direction the 
-12-
reflected light is traveling). 
As in the previous problem , V0 for the first lens is -2.00D. 
V. for the lens is then -4. 00D (P+V ). This means that the 1 0 
curvature of the wavefront leaving the lens from left to right 
is -4.00D. In order to calculate the changes in curvature that 
occur as this -4.00D wavefront continues to radiate outward (this 
is divergent light) it is necessary to locate the center of 
curvature for the -4. 00D wavefront. In air this center of 
curvature would be located o.25m or 25cm to the left of the 
wavefront (n/V=1.00/-4.00=-.25m). That is, the radius of curvature 
in air of a -4.00D wavefront is 25cm. 
We now need to find Vi (moving from left to right) for the 
+10.00D mirror. The -4.00D wavefront leaving the lens must move 
25cm further to the right before it will impinge on the mirror. 
This means that the radius of curvature of the wavefront as it 
reaches the mirror is 50cm (25cm longer than the 25cm radius of 
the -4.00D wavefront). Since we now know the radius of the im­
pinging wavefront we can calculate the relative curvature in 
diopters as follows1 
V0=_n_ = 1.00 = -2.00D d 0•50m 
V0 at the mirror is then -2.000. 
Vi at the mirror can now be calculated and is found to bez 
V.= V + P = -2.00 + (+10. 00) = + 8.00D 1 0 
Vi= + 8.00D, which is placed at the bottom of the mirror diagram 
to show that light has been reflected and is now moving from 
right to left. 
At this point a slight complication occurs. Light having a 
wavefront curvature of + 8.00D will converge to a focus in 12. 5cm. 
The light rays will then cross-over and be divergent (the light 
will have negative vergence). The following diagram may help to 
clarify what has occured. � 
�-- light from object 
object point 
__
__ light reflected from 
mirror 
' 
( - ) 
...... .... .... � (+ ) .... .... .... ... ..... 
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The pluses and minuses in the preceding diagram designate the 
sign of the light vergence at those points and show whether the 
light is diverging or converging. Note that as the light leaves 
the mirror it �rosses o�er half way between the mirror and lensg 
and is then divergent as it approaches the back surface of the 
lens. The point at which the light crosses over may be considered 
to act as a new point source of divergent light and the curvature 
of the wavefront impinging on the back of the lens may be 
calculated from that point. It is 12.5cm from the mirror to the 
cross-over point. It is 25cm from the mirror to the leris; it is 
therefore, 12.5cm from the cross-over point to the lens. V0 at the 
back of the lens may now be calculated for the light moving from 
right to left. 
V = n/d= 1.00 = -8.00D 0 0.125 
Vi as the light moves from right to left through the lens is then 
�s.oo + (-2.00) = -10.oon. 
With this information the image may now be described. The 
final Vi is negative, so the image will be located on the side of 
the lens opposite Vi (the exiting light) and it will be located at 
the center of curvature of Vi, or 10cm to the right of Vi (see 
the original diagram). The center of curvature of a wavefront, 
again, may be calculated by dividing the index of the substance 
through which the light is traveling by the dioptric value for the 
curvature of the wavefront. In this case Vi= -10.00D, so the 
radius of curvature of Vi= 1. 00 (in air) = O .10m, or 10cm. -10.00D 
Because the final Vi is negative, the image is virtual. The image 
is upright because the sign of the initial V entering the lens 0 
from the object is the same as the final Vi leaving the lens. 
Light is effected by more than one optical device in this 
problem, so the magnification of the image must be the product 
of all the individual magnifications occuring at each device. As 
the light from the object passes through the lens the magnif ica­
tion is -2.00/-4.oo = !X. As the light from the lens is reflected 
by the mirror the magnification is -2.00D/+8.00D =-iX. As the 
light from the mirror passes back through the lens the magnif i­
cation is -8.00/-10.00 = 4/5x. The total magnification is then 
- 11.f. -
(i) ( i) ( 4/5) = 1/10 x. The image is 1/10th as large as the object . 
(6) A spectacle lens has a front surface power of +20.00D 
and a back surface power of -5 . 00D . This is an aphakic lens with 
a center thickness of 5mm and an index of refract ion of 1.50. The 
lens is located 1 5mm from the apex of the cornea and 17mm from 
the first principal plane of the eye. What is the back vertex 
power of the lens ( Pbv)? What would be the power of a contact 
lens used to replace this lens? What is the relative spectacle 
magnification created by this lens if the ametropia is refractive 
( as is usually the case with aphakia)? What would be the effec­
t ive power at the cornea if the lens were moved 5mm further away? 
v = 01 
air 
P1=+20.00D • 
P2=;5.00D 
corneal 
plane 
first princi­
pal plane of 
the eye 
0.00 V.=+20.00 11 v =+21.40 V1.=+16.4o 
v 0:21.80 v 0�+22. 70 
02 2 
glass air 
lens 
n=1 . 50 
• 1 - .... ------..-----.J' --------........-------# -.---... --� 
5� 15mm 2mm 
Discussions Because no object distance was 
assumed that light is coming from infinity 
specified it may be 
and that V incident 
01 
on the first surface of the lens will be zero because the light 
rays are parallel. Whenever vergence methods are used to calculate 
a standard power for a lens (back vertex power, equivalent power, 
e tc ) the incident light must be assumed to be coming from optical 
infinity . v. is the vergence of the wavefront that is just 
11 
entering the glass of the lens after passing through the first 
surface. V.= 0 + 20.00D = +20.00D. Because the light is now 
1.1 
moving through glass, the index of the glass must be used to 
calculate the position of the center of curvature for the +20-.00D 
wavefront ( V i ) . This radius is found to be 1.50/+20D=0.075m or 1 
75mm. It is now possible to calculate the wavefront curvature 
L 
L 
L 
L 
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(vergence) as the light impinges on the back surface of the lens 
(V ). This wavefront will have the same center of curvature as 02 
V. but its radius will be shorter because the light has converged 
11 
toward the center of curvature as it moved through the 
glass. The radius for v .  is 75mm; therefore, is ?Omm. 
11 
5mm of 
At V the 02 
light is still in the glass, so the index of glass must be used 
to calculate the vergence as follows: 
V = 1.50 = +21.40D 02 0.070 
The value obtained may be checked to see if it is logical by 
using the following rule of thumb: 
The magnitude of positive vergence always increases and the 
magnitude of negative vergence always decreases as light travels 
through a given medium (as long as the vergence is not changed by 
refraction, reflection, or diffraction). The positive vergence 
in the problem increased from +20.00D to +21.40D as the light 
moved 5mm through the glass. This is the result predicted by the 
rule of thumb. 
V. may now be calculated as follows: 
12 
V. = +21.40 + (-5.00)= +16 . 40D 
12 
It was stated earlier in this paper that vi2
= Pbv (back vertex 
power); therefore, Pbv= +16.40D. 
It is now possible to find the power of the contact lens 
required to replace this lens. To do this it is necessary to find 
the center of curvature of Pb (V. ). Light has just left the lens v 12 
at Vi so the index of air must be used to find the center of 2 
curvature. The radius of V. = 1 . 00 = 0.061m = 61mm. This means 
12 16.40 
that light is converging 
61mm away. 
to the right from V. toward a focus l2 
It is now possible to calculate the vergence of the light at 
the corneal plane. V at the corneal plane has the same radius of oc 
curvature as V. , because no optical device has altered the path 12 
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of the light from V. to V . At V , however, the wavefronts 
12 oc oc 
are closer to the center of curvature than they are at V . •  The l2 
radius at Vi is 61mm, while the radius 2 
Therefore, V = 1.00 = +21.80D. Notice 
0c 0.046 
at V is 61 - 15= 46mm. oc 
that the plus vergence 
has increased in accordance with the rule of thumb as the light 
moved through the medium to the right. V0 at the cornea is also 
equal to the power of the contact lens ne2ded at the cornea to 
replace the spectacle lens in this problem. In other words, a 
+21.80D contact lens at the cornea will replace a spectacle lens 
placed at 15mm, which has a power of +16.40D. 
Spectacle magnification may be calculated using the follow­
ing vergence formula (this formula is correct only for refractive 
ametropias and will be dicussed in more detail later in this 
paper)s 
spectacle magnification= (V /P1) (V0 /v. ) , where V is 02 e 12 . 0e 
the effective power of the spectacle lens in reference to the 
first principal plane of the eye. V
0e 
is calculated in the same 
way as V0 
• The radius of v .  is 61mm; the radius for V is 
c 12 °e 
61 - 17 = 44mm. 
v = 1.00 
0e o.o44m 
=+22.?0D (note that the index of air is used in 
this calculation because the 2mm distance between the cornea and 
the first principal plane is a reduced air distance and is found 
by dividing the actual physical distance by the average index of 
refraction of the cornea and aqueous). 
The spectacle magnification may be calculated as follows: 
(21.40/20.00) (22.70/16.40) = 1.48 
The emmetropic unaided eye is considered to have a magnif i­
cation of 1.00, so the difference in retinal image magnification 
between the emmetropic eye and the spectacle corrected ametropic 
eye in this problem is 1.48 - 1.00 = 0.48, or 48%. This lens 
creates an image size that is 48% larger than the retinal image 
in the emmetropic eye (when the lens is placed at 15mm from the 
cornea). 
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If the lens were moved 5mm further 
tance from cornea to lens is 20mm, then 
away, so that the dis­
V would be altered. 0 
The radius of V. iz 
61 -20 = Lamm. v oc 
would now be 1.00 
0.041 
c 
is still 61mm, but the radius of V0 is now c 
(the effective power at the corneal plane) 
= +24.60D. 
NOTE: Moving any lens (positive or negative) away from the eye 
increases its positive effective power, relative to the cornea, 
and decreases its negative effective power. Also, as the distance 
from the lens to the eye increases, the positive power of the lens 
must decrease, or the negative power of the lens must be increased, 
to maintain the same effective power relative to the cornea and to 
continue to correct the original refractive error. It follows 
that the power of a contact lens must be more positive than that 
of a spectacle lens to correct the same refractive error. 
( ? ) Using the same lens as used in problem number 6 find 
F1, F2, H1, H2, N1, N2, front vertex power (Pfv), and the 
equivalent power (P ) for the lens. eq 
•O.i"""m. 
� -----....... -�----...--.._ __ r , ,,.,-
p,:-5.00D 
'lo:tU.1 v,· ':1o ..,,,40 � P.,..., ). i. . 
f'\:= •. 00 
Fa. 
L 
L 
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Discussion: refer to pages 6 - 8 of this paper to aid with this 
section. The steps for calculating the Pbv were demonstrated in 
problem number 6, and the values are entered in the upper portion 
of the preceding diagram (light is traveling from left to right). 
The front vertex power can be found by starting with zero 
vergence (parallel light) at the back surface of the lens and 
doing the necessary calculations as light passes through the lens 
from right to left. These calculations are done in the same 
manner as those done to find Pbv (see problem number 6) and the 
results are shown in the lower half of the diagram to illustrate 
light passing from right to left. The mechanics of performing 
these calculations will be left as an exercise for the reader; 
it would be unnecessarily repetitious here. 
In problem number 6 it was found that the radius of Pbv is 
61.2mm. This is also the back vertex focal length (the distance 
from v2 to F2) .  This value locates F2 in space relative to the 
back surface of the lens. 
The radius of Pfv is the front vertex focal 
·length and may 
be used to locate F1 relative to the front surface of the lens. 
The radius of Pf is 1.00 = o.o66Jm = 66.Jmm. v 15.0SD 
The equivalent power for this lens may be calculated using 
either the Pfv or Pbv' Pbv will be used in the following calcula­
tions, but the results would be the same if Pfv were used in the 
appropriate calculations. 
p =pl (V. Iv ) = eq 12 o2 
P = P2 (Pfv/ V0 ) = -5.00 (+15.08 / -4.92) = +15.4D eq 2 
The above calculations show that P eq 
whether it is calculated with Pbv or 
length may now be found as followsz 
f = 1.00 = o.0652m = 65 . 2mm eq +15.4 
for this problem is +1).4D 
Pfv' The equivalent focal 
feq is the distance from a focal point (F 1 or F2) to its corres­
ponding principal plane; therefore, the principal planes may be 
located relative to the lens surfaces and the focal points once 
Peq and Pbv' or Pfv' have been found. Refer to the diagram: 
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it is 60.9mm from F2 to v2; it is 65.2mm from F2 to H2, so H2 
must be 4.Jmm to the left of v2• It is 66. Jmm from F1 to v1, and 
it is 65.2mm from F1 to H1, so H1 must be 1.1mm to the left of v1. 
Using vergence methods, all the cardinal points, Pbv' 
P
fv' 
and P have been located and calculated without the use of the eq 
standard Gaussian formulas . 
L 
L 
L 
L 
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VERGENCE METHODS APPLIED TO PROBLEMS IN RELATIVE SPECTACLE 
MAGNIFICATION a 
Relative spectacle magnification is defined as the ratio of 
the size of the retinal image of a distant object in the corrected 
ametropic eye to that in the emmetropic eye. In this definition 
the emmetropic eye is a schematic eye for which the effective 
power is +60D (+45D from the cornea and +15D from the lens) acting 
at a principal plane approximately 2mm behind the cornea. Both 
principal planes can be assumed to coincide for ease of calcula­
tion (they are actually O.Jmm apart) , and they are positioned 
16.67mm in front of the retina (reduced air distance) . 
Relative spectacle magnification (RSM) can be used to 
estimate the magnitude of spatial distortions created by a spec­
tacle lens as it enlarges or reduces retinal image size. RSM may 
also be used to predict discomfort or loss of binocularity 
through a proposed anisometropic or antimetropic lens prescrip­
tion. A 1-2% difference in RSM for the two retinal images will 
generally cause discomfort; a difference of 2-5% will cause 
discomfort and possible loss of binocularity; greater than 5% 
difference in RSM will usually eliminate binocularity (although 
binocular vision has .been reported with differences in RSM as 
high as 9%) .  
Before discussing the calculation of RSM it is necessary 
to describe the two major etiological classes of ametropia9 axial 
and refractive. An axial ametropia is one in which the refractive 
power of the eye is assumed to be +60D, but the axial length of 
the eye is either too short (hyperopia) or too long (myopia) for 
an image to be clearly focused on the retina. In a refractive 
ametropia the axial length is standard (16. 67mm reduced air 
distance), but the total refractive power of the eye is less 
than +60D (hyperopia) or greater than +60D (myopia) . 
In practice, most ametropias are a combination of axial 
and refractive elements. There are, however, some clinical 
observations that may be helpful in determining whether the 
major etiological factor in an ametropia is refractive or axial. 
L 
L 
L 
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For example, most of the refractive power of the eye is produced 
by the cornea; therefore, if an eye has a signifi9ant ametropia, 
but ophthalmometer readings indicate a normal corneal curvature, 
it may be assumed that the ametropia is largely axial. Conversely, 
if the corneal curvature differs significantly from the norm and 
the accompanying ametropia corresponds with this change in corneal 
curvature, then it may be assumed that the ametropia is primarily 
refractive. In cases of aphakia, ametropia is primarily refractive 
because the eye has lost +15D of refractive power with the removal 
of the lens. In high myopia the ametropia is usually axial. It is 
important to know the etiology of the ametropia because RSM is 
calculated differently for axial than for refractive ametropias 
in the vergence system. 
In describing methods for calculating RSM it is most conve­
nient to start with the simple case in which the correcting lens 
is a thin lens and the ametropia is entirely refractive. The 
following example will be used to illustrate this casei 
A +16 . 4D thin lens is placed 15mm from the cornea (17mm from 
the principal planes of the eye) . If this lens corrects the 
refractive ametropia of the eye, what is the relative spectacle 
magnification created by this lens? 
P= +16.4D cornea p =+37.3D ey 
v 0=*22 . 7  .=T60D 1 
principal 
plane of 
the .ewe"-.. 
'- :--;.....- ...; '-- ........,r 15mrn 2mrn 
Image size is a function of image distance, so the �agnification 
for a given object at infinity will be a function of the effec­
tive focal length of the eye-lens combination, and the RSM will 
be a function of the equivalent focal length ( or equivalent 
L 
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power) of the eye-lens combination compared to the focal length 
(or dioptric power) of the standard emmetropic eye. By definitionz 
RSM = retinal image size of the corrected ametropic �e�v�e"--�­
retinal image size of the standard emmetropic eye 
RSM = f of the corrected eye-lens combination 
f 
e;f the s tandard_e_mm_ e_ t_r_ o_p_i_c_e_ y_ e_(,...1-6 . .,.....-6 ...... 7_m_m).----··--
RSM = P of the emmetro,JliC eie (+60DL ___ __________ _ 
P of the eye-lens combination in the corrected eye eq 
The vergence formula for equivalent power is, Peq
= P (Vi/V0). 
This formula can be used to calculate the equivalent power of the 
eye-lens combination as follows: 
P· = =16.4 (+60/+22.7) =+4J.4D eq . 
The RSM may then be calculated: 
RSM = +60D/ +4J.4D = 1.JSX 
If the RSM of the standard eye's retinal image is taken to be 
1 .oox, then the RSM of the eye-lens combination is ( 1.J8 - 1.00) 
or 0.38 (J8%) times greater than that for the standard emmetropic 
eye. This means that the retinal image size of the corrected eye­
lens combination is 38% larger than the retinal image size of the 
standard emmetropic eye. 
Under the conditions of this example (a refractive ametropia 
corrected by a thin lens) a vergence formula for RSM can be 
derived as follows: 
RSM = power of the emmetropic eye (+60D) 
P(V./V ) 1 0 
By definition the corrected power of an eye with refractive 
ametropia must be +60D; therefore, V.= +60D, and 1 
RSM = 60 = 60 V = V 
P(60/V o) 60 po + 
RSM = V 
__ 
o_ 
p 
for refractive ametropia corrected with a thin 
lens. 
The second case which will be considered in this discussion 
of Rsm is axial ametropia co�rected with a thin lens. In refractive 
L 
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ame trop ia a c orrec t ing l ens mus t be des igned s o  that V i at the 
princ ipal plane is +60D and the image is f ocus ed on the re t ina 
at the s tandard s chematic d is tance of 1 6 . 6 ?mm . In ax ial ametrop ia, 
however , the d is tanc e from the princ ipal plane to the re t ina will 
be  variable and v. mus t be appropr iate f or the altered ax ial l 
l ength . In ax ial ammetrop ia 9 the power at the princ ipal plane 
will be +60D ( this is, of c ours e, an as sumpt ion only ) , be caus e 
the ame tropia is not caus ed by variations in refrac tive power . 
Keeping thes e c onc epts in mind , we may now mod ify the previous 
example to illus trate RSM calculat i ons in axial ametrop ia s 
A +16 . 4D thin l ens is placed 1 5mm from the c ornea ( 17mm from 
the princ ipal planes of the eye ) . I f  the l ens c orrec ts the ax ial 
ametropia of the eye , what is the relative spectacle magnification 
created by this l ens - eye c omb ination? 
c ornea 
+16 . 4D 
+60D 
V 0=+ 2 2 .  7 V .  =+82 . ?D l. 
--- ____ .;_/_' . � · � 2mm princ ipal plane 
of the eye 
The equ ivalent power of the eye - l ens c omb ination is : 
P = 1 6 . 4  ( 8 2 . 7/2 2 . 7 ) =+59 . SD eq 
RSM = +59 . 8/+60D = about 1. OOX 
The above calculat i ons ind icate that the re t inal image s i z e  of 
the eye - lens c omb ination' is ess ent ially the same s iz e  as that 
of the s tandard emme trop ic eye . This illus trates a pr inc iple 
known as Knapp ' s  law, which s tates : 
When an ametropia is ent irely ax ial , a spectacle l ens 
c orrec t i on placed at the anterior focal plane of the eye will 
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create a retinal image of the same size as in an uncorrected 
emmetropic eye. 
In this example the lens to principal plane distance of 
17mm is very close to the focal length of the eye ( 16 . 6?mm ) . 
W ith axial ametropias RSM is m in imal when spectacles are placed 
at the anterior focal plane of the eye . With refractive ametro­
p ias RSM is reduced as the lens approaches the pr inc ipal planes 
of the eye (for this reason , refractive ametropias will have 
m inimal RSM when corrected with a contact lens) . 
A vergence formula may now be developed for calculating 
RSM , when an axial ametropia is corrected with a th in lens : 
RSM = 60 = 60 
P for eye-lens -p (""""v..;;;...;;;+...,,6-o .... )- .,;,,.-.y--eq o 
· o 
RSM = 60 
PTV-0 -+-'-r6o ____ )__ v 0 
for an axial ametropia corrected 
with a thin lens . 
The two formulas developed to this point can be termed 
" power" RSM formulas. They both ignore the fact that ametropias 
are corrected with optically thick lenses, which also create a 
certain amount of retinal image magnification due to the form 
of the lens . To quantify this lens-form induced magnification it 
is helpful to think of the lens as a Gal ilean telescope in which 
the first surface is the objective and the V0 at the second surface has the same dioptric magnitude (but the opposite sign) 
as requ ired for an ocular lens at that position in a Gal ilean 
telescope . Magnification of a telescope is the power of the 
ocular (eyepiece) divided by the power of the objective. The 
magnificat ion induced by the lens can similarly be calculated by 
dividing P1 by V , as in the following example :  02 
A th ick lens has a front surface power of +20 . 00D , a back 
surface power of -5.00D, an index of 1.50, and a thickness of 
5mm. What is the RSM induced by the form of th is lens? 
L 
L 
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P1 =+20 . 0 0D 
P2=-5 . 00D 
V =0 . 00 V . =+20 . 00 V =+21 . 4D V . =+16 . 4D 02 12 01 11 
n=1 . 50 
5mm of 
glass 
V 0 may be calculated by methods described earl ier in this paper. 
Th� induced magnification may b e  calculated as foll ows : 
RSM =V I P1 = +21 . 4/+20 . o  = 1 . 07x 02 
Aga in , if the s tandard emmetropic eye has an RSM of 1 . 00 , then 
the magnification induced by the lens form in this example is 
( 1 . 07 - 1 . 00 )  1 00% = 7% • The value of V 0 depends on the index of 
refraction for the lens ,  the thickness of
2the lens , and the value 
of P1 • The d ioptric value of P 1 depends the index of the surroun­
d ing med ium , the index of the glass , and the curvature or shape 
of the surface . The term RSM = V / P1 may be called the form or 02 
" shape " factor .  
The total magnification of an optical system is the product 
the magnificat ions produced by the ind ividual elements of the 
sys tem. The total RSM of the lens -eye system may now be calcula­
ted by finding the product of the "shape factor" and the 
"power factor" . 
P.= -+200 
' '-'o,� o  v;,:a+.20 Vo.a.::i +21.'i "•a-= +"."4 0  
c orneal plane princ ipal planes ?� 
Vo,,2 +��.7 '1;3 
' I 
'-- "" ,, .............. _____ .........,._,...------.... ... .. _--.........,..----� .!SMM /Sm� 2 h'\rn 
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Refe rr ing t o  the above d iagram and t o  the example of re fract ive 
ametrop ia prev iously g iven, the total RSM may be calculated as 
follows z 
The th in l ens in the or ig inal example has been replaced 
with a thick lens , but the effect upon magnif i cat ion created by 
the front surfac e ,  the index of the glas s ,  and the thicknes s of 
the lens may be accounted for by the shape factor . Th is means 
that V .  (the back vertex power of the lens) may be used in the 
l.2 
same manne r  as the th in l ens in the or ig inal exampl e and the 
calculat ion of RSM may be performed us ing the follow ing formula. 
RSM = ( V /P 1 ) ( V /v . ) 02 0.3 l.2 
RSM = ( 21 . 4/20 ) ( 22 . 7/1 6 . 4 )  = 1 . 48 
For thi s  example , ret inal image magn if ication (total) i s  
( 1 . 48 - 1 . 00 ) 1 00% = 48% . 
The general expre s s ion for total RSM in refract ive ametropia 
corre cted with a thick lens is s 
RSM = -( V /P1 ) ( V /v .  ) 02 °3  12  1 
shape power 
factor factor 
Aga in , referring to the d iagram on the bottom of page 25 , 
the total RSM for the example of ax ial ametrop ia that was g iv en 
earl i e r  in th is paper (when corrected w ith a thick lens) may 
be calculated as follows i 
RSM = ( V 0 /P l )( · 6 O ) 2 v .  (v +60 ) 
12  °3 
v 0.3 
RSM = ( 21 . 4/20 ) ( 60  ) = ( 1 . 07 ) ( 1 . 00 ) = 1 . 07 
16. 4 ( 22 . ?+60) 
22 . 7  
Total retinal image magnificat ion in th is case i s  ( 1 . 07 - 1 . 00 ) 1 0 0% ,  
or ?% . The general express ion for RSM in an ax ial ametropia 
corrected with a th ick lens is as follows: 
R S M -:s ( �) ( " 0  
) 
Pl Yi (Vo3 +'o) s hape ;a. 
factor Vo3 power factor 
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The formulas that have been d eveloped in thi s  paper are 
us eful in c alculating the retinal image magnificat ion created by 
a s ingle lens for one eye, but it is the d ifferenc e in retinal 
image magn if icat ion for two eyes whi ch caus e s  the graves t visua l  
problems . I f  both e y e s  have the s ame magnification , and it is 
s ome value other than uni ty, there is a feel ing that ob j e c ts are 
larger and clos e r ,  or smaller and farther away, than they a c tually 
are ; but generally , there is little or no d i s comfort and b inocu­
lar v is ion is not impa ired . However , if there is a d ifferenc e in 
the RSM b e twe en the two eyes there may be s pat ial dis tort ions 
( anis e ikon ia ) ,  naus ea , dis comfort , or los s of b inocular ity . In 
c alculat ing the RSM d ifferenc e be twe en the two eye s , if one image 
is reduced and the other enlarged , the d ifference in the imag e s  
is the sum o f  the indiv idual perc ent magn ifi c a t ions . 
Example & OD image reduc e d  5%; OS image increa s ed 2%; total 
d ifference in r e tinal image magnificat ion betwe en the two eyes 
is 5 + 2 = 7% . 
If both eye ' s  images are enlarged unequally or red uced un ­
equally , the d ifferenc e in magnificat ion be twe en the eye s is 
found by subtrac t ing the ind iv idual magnifications . 
Exampl e ; OD image enlarged 5%; OS image enlarged J% ; total RSM 
difference is 5 - 3 = 2% .  
RSM may b e  calculated for the indiv idual mer id ians of a 
s phero-cyl inder lens and a s t igmatic eye comb inat ion . Th is is done 
mos t eff ic i ently by plac ing the meridional powers on an opt ical 
cros s diagram and treat ing each mer idian as if i t  were a s eperate 
lens . The RSM cal culated for the hor i zontal merid ian is mos t 
crit ical in cas e s  of merid ional an ise ikonia . 
The s e  formulas may be util i z ed in d e s igning lenses to reduc e 
RSM or balanc e  the RSM d ifference between the two eyes. The RSM 
shape fac tor may be al tered for a given lens back vertex power by 
changing the power (curvature ) of the front surfac e, the th i ckne s s  
o f  the lens ; or the index of refrac t ion for the lens . The shape 
RSM for any lens is increas ed by increas ing the th iclmess of the 
l ens, and i t  is reduc ed by increas ing the refrac t ive ind ex (b e ­
caus e e i ther the front surfac e  curve or the th ickne s s  mus t be 
L 
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reduced, when the index is increased, to maintain the same back 
vertex power) . 
The power factor RSN! may be altered by changing the back 
vertex power of the lens or by changing the lens - eye vertex 
distance. The back vertex power is determined by the vertex 
distance and the magnitude of the refractive error, and it may 
not be altered without creating discomfort or blur. The most 
practical method for altering the power factor is to change the 
vertex distance at which the lens will be located (this also 
requires a change in Pbv to maintain the optical correction) . 
The following rules describe the effects of altering the vertex 
dis tance : 
1 .  refractive hYJ2eropia 1 RSM is unity when the correcting 
lens is placed at the principal planes of the eye . This is not 
physically possible, but a contact lens will give minimum RSM in 
this situation . RSM increases (retinal image becomes larger) as 
the correcting lens is moved away from the eye . 
2. refractive myopia s  RSM is unity when the correcting l ens 
is at the principal planes of the eye . A contact l ens gives the 
minimum possible RSM . RSM is reduced (retinal image size is 
smaller) as the correcting lens is moved away from the eye . 
J .  axial hyperopia s RSM is unity when the correcting l ens is 
placed at the anterior focal plane of the eye (16 . 6?mm in front 
of the principal planes, or 14 . 67mm in front of the corneal plane) . 
Retinal image size increas es as the lens moves out from the 
spectacl e plane (RSM is greater than unity) and decreases as the 
correcting l ens is moved from the s pectacle plane toward the eye 
(RSM is less than unity) . 
4 .  axial mYODia : RSM is unity when the correcting lens is at 
the spectacle plane 1 4 . 6?mm in front of the cornea .  The RSM is 
greater than unity when the correcting l ens is moved toward the 
eye (retinal image size increas es) and less than unity when the 
lens is moved out from the spectacle plane (retinal image size 
de creas es) . 
L 
-
29-
C ONCLUS I ON 
The use of relative spectacl e magnif icat i on formul a s  c s n  b e  
of great help in predicting the effec ts of an an isometrop i c  
prescription on the binocular vision of a patient. I t  mus t b e  
understood, however that there are many limitations involved in 
the use of these formulas. RSM ca1culations are based on 
paraxial ray approximations ; they are formulated on the optics 
of a standard schematic emrnetropic eye (the human eye often has 
considerably different optical properties) ; also, ametropias are 
seldom purely axial or refractive. These formulas provide a means 
of making a rough prediction of lens effects , but for more pre­
cise determinations an eikonometer , leaf room , or other method 
for making direct measurements of spectacle induce d  spatial 
distortions should be utilized . 
This paper has presented some of the more obvious applica ­
tions of vergence optics . The value of vergence methods is that 
they are more graphic and more easily visualized conceptually 
than are most classical Gaussian calculations . Another advantage 
of vergence is that the total number of formulas that must be 
remembered is reduced .  
I hope that this simplified presentation of the vergence 
approach to optics will be as helpful to the reader as it has 
been to me . 
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APPEND IX I 
TABLE OF VERGENCE AND EQU IVALENT GAUSS IAN FORMULAS a 
p1 c orneal plane 
V o1 V i1 
.. "th------·- ....__�--------�-----------' princ ipal planes "---�-----------�-.---------0-f __ J�he eye 
d 
The above d iagram and notation will be used in the foll owing 
formulas . 
1 . Transvers e  linear magnification created by an optical 
device s 
VERGENCE ;  GAUSS IAN a 
mag = V /v .  0 l. mag = I/O = i/o , where 
I = image 
0 = ob j ect 
i = image 
0 = ob j ect 
2 .  Back vertex power of a thick lens 1 
VERGENCE : GAUSS IAN : 
pbv= vi 2  , when 
v01= o . oo 
3. Equivalent power of a thick lens a 
VERGENCE i 
p = P1 (V . 2/v 2 ) , eq i o 
when vo1= o . oo 
GAUSS IAN a 
s ize 
s iz e  
distance 
d is tance 
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4 .  Pos itional effective power of a spectacle lens referred 
to the c ornea :  
VERGENCE : 
P ef= V ef 
GAUSSIAN a 
pef=���p�b�v��� 
1 
-.....Y..:L pbv 
When 
� 
n3=1 . 00 ( for a ir ) , then 
P pbv ef=-1-___;;;..;.... __ - vt pbv 
5 ,  Relative spectacle magnification for refrac tive ametropia 
when the ob j ect is located at infinity : 
VERGENCE :  
RSM = ( Vo2/P1 ) ( VoJ/v i2 ) 
" shape " "power" 
GAUSS IAN 2 
RSM = ( 1 
1 - th 
n2 
6 .  Relative spectacle magnificati on for ax ial ametropia 
when the ob ject  of regard is located at infinity a  
VERGENCE : 
RSM = ( V  02/P 1 ) < �"""""""'.;;;..6 0....._-..._ ) v i2 (v o3+ 6 0) 
voJ 
GAUSS IAN : 
RSM = ( 1 ) ( 6 0 ) 
1 --1h....P1 Pbv+ 60( 1  -_g_ Pbv )  n2 n3 
" shape " "power" 
L 
L 
L 
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APPENDIX II 
PROOFS OF THE EQUIVALENCE OF SOME VERGENCE AND GAUSS IAN FORMULAS 1 
BACK VERTEX POWER 1 ( .A.tL.  �� -l°'4f-A-' JO) 
D = V·  , � V0 1 = o . oo ' l> v • a.  
V; a. = P 2. .,.. V 01 J Vo .i : __ ..;.n..;."-;:::;._ __ 
"' "  .,,.L 
Vi 2. = Pa. + _._P ... , __ 1 - P. � 
t'\ 2.  
- - ""'4'LI v; , 
-
V • ... J , ,  - P, J � 
V01 = O . oo 
Expanding this equation and el iminating " ins ignificant" terms 
yields an approx imate formula for Pbv that is often s een in 
texts : 
Pbv ( approximate ) = P1+ P2+ Pi th 
n2 
Another form of the back vertex power formula may be derived as 
follows a 
= ?, n a.. + P2 n i. - P. P � :tA _ 
n �- P. *A. 
-
V,:t. = P bv = P, + P2.. - P, P; .t:Ja.,fr.1. 
I - p, r.A. -
h 'l.  
n ,  < P, + P1- Pr  P, %:1t Ina.) 
n a.  ( f - P, �/.,.,. ) 
L 
L 
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N ot ice that the numerator of this last expression is a Gauss ian 
formula for equivalent power ( Peq ) ;  therefore , 
Pbv= 
peg 
1 P1� 
n2 
TRANSVERSE LINEAR MAGN IF ICATION i 
mag = V /v .  0 l. 
V0= n/o , where o = the ob j ect d istance in meters , and 
n = the refractive index of the surround ing 
med ium .  
V . =  n/i , where i = the image d istance in meters . l. 
mag =� =___i___i_ = i/o 
:re>  
EQUIVALENT POWER : 
Pe ,_ -=  P, ( v;i. /Y_o,.. ) , � Vo, = o . oo . 
V' -' a.  - V'h. = + Pa. P. + Pl. - P, Pa. .A:lt../n'j., /UL � 
_ 
.t)._ 1 - P, ..c(/n I�� p, a. Pb v . 
Vo,;= h �  - n ""- - P, n a. - �  
�,
_
;. p ,  ) 
- -
-T, -� ni.-A R nl. -.M p, 
- -
�)., 
p, Y\ �  
P, 
-34-
POSITIONAL EFFECTIVE POWER OF A LENS : refer to d iagram on page JO . 
P ef= Vef , where Vef is the vergence at the reference plane 
of the light which has left the optical device . 
Ye; : n s  
n 1 - �  Vi. "-
-
-
L 
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SHAPE FACTOR FOR RELATIVE SPECTACLE MAGN IF ICATION : 
S l-\�pe R S M :a VoJ.. / P, 
= __ P._, __ 
I -� p, 
"' �  
Sho..pe. R S M • Vc,.. /P. = _.-.P, ..... , __ 
1 -� p, n ... 
-- 1 
I -� p. 
'Y\ 'L. 
POWER FACTOR RELATIVE SPECTACLE MAGN IFICATION FOR REFRACTIVE 
AMETROPIA : 
--
Po we"" RSM = 
I - ..£!.  P�v 
Yl3 
FOR REFRACTIVE 
AMETROPIA 
L 
L 
L 
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- c I � , ·-
P 0 WER FACTOR RELATIVE SPECTACLE MAGN IFICATION FOR AXIAL AMETROPIA : 
, 0  
-----�--�-------------------
Pb v + 'o ( / - *. Pov ) 
� 
FOR AXIAL AMETROPIA 
Symbols and the ir relationships for all the preceding 
proofs are contained in the d iagram on page JO . 
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